1888]
LAW OF  VELOCITY.
151
ch. xiv.). For this, however, we have not space, and must content ourselves with a sketch of the analytical method of treatment.
If v be the velocity of propagation in direction I, m, n, the wave-surface is the envelope of planes
Ix + my + nz = v,  ..............................(4)
where v is a function of I, m, n, whose form is to be determined. If (X, ^, v) be the corresponding direction of vibration, then
According to the principles laid down by Fresnel, we see at once that the force of restitution («,2X, ft2//,, cai>), corresponding to a displacement unity, is equivalent to a force y2 along (X, p, v), together with some force (P) along (I, m, n). Resolving parallel to the coordinate axes, we get
IP = a2X — v2\            mP = ftp — v*fjb,            nP — tfv — tfv, or
x=     IP                    =   mP_              ^   nP
~a? — v*'           ^~~62 —a2'            v ~ c2 — u2..........^ '
Multiplying these by I, m, n respectively, and taking account of (5), we see that
/a             m"           n*        .                                      ,.
~_________A                                             / v\
~7 — \J........................I  I   I
C    --- V"
is the relation sought for between v and (I, m, n). In this equation I, c are the velocities when the direction of propagation is along x, the former being applicable when the vibration is parallel to y, and the latter when it is parallel to SB.
The directions of vibration arc determined by (5) and by the consideration that (I, m, n), (X, p, v}, and (a'2X, fr2//., c'-v) lie in a plane, or (as we may put it) are all perpendicular to one direction (/, g, li). Thus
lf+   mg +   nh = 0
(8)
The determinant expressing the result of the elimination of /: g : h may be put into the form
AJ                                  LL                                    V
which with (5) suffices to determine (X, //,, v) as a function of (I, m, n).
The fact that the system, of equations (5), (8) is symmetrical as between (X, p, v) and (/, g, h) proves that the two directions of vibration corresponding to a given (I, m, n) are perpendicular to one another.
The direct investigation of the wave-surface from (4) and (7) was first effected by Ampere, but his analytical process was very laborious. Fresnel had=l^,          £ = c2£.    ...............(2)
